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LIMITS OF NON-LOCAL ANISOTROPIC PERIMETERS
MICHELA ELEUTERI, LUCA LUSSARDI, AND ANDREA TORRICELLI
Abstract. We compute the pointwise limit of a family of functionals which penalize
a non-local and anisotropic interaction between a finite perimeter set and its com-
plement. We completely characterize the limit which turns out to be an anisotropic
perimeter and we discuss some particular cases.
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1. Introduction
In this paper we study the asymptotic behavior of the family of functionals
Fε(E) =
1
ε
∫
RN\E
f(Gε ∗ χE(x)) dx
where E ⊂ RN is a compact set of finite perimeter, f is a given non-negative real function and
Gε is a rescaled convolution kernel. Our analysis has been inspired by a paper by Esedog¯lu
& Otto [2] where the case f(t) = t and Gε radially symmetric has been treated in dimension
N > 1. We are able to compute the limit as ε→ 0 of Fε(E) proving that
lim
ε→0
Fε(E) =
∫
∂∗E
∫ 1
0
f
(∫
HνE (x)+tνE(x)
G(z) dz
)
dt dHN−1(x)
where ∂∗E is the reduced boundary of E, νE(x) is the outer unit normal at E and Hν is the
half-space defined by {z ∈ RN : z · ν ≥ 0}. The pointwise limit in the case f(t) = t has been
also investigated by Miranda et al. in [3] where they used the heat kernel. We observe that
our result is new with respect to the existing literature both for the presence of f and for the
fact that we are not assuming Gε radially symmetric. We thus obtain, as limit, in general, an
anisotropic perimeter of E: we notice that also if f(t) = t we get an anisotropic perimeter,
since again the radial symmetry of Gε is not assumed.
Of course a natural question is about the Γ-convergence of Fε. In [2] a full Γ-convergence
result is proved but their technique in order to get the lim inf-inequality cannot by applied
for a general f . We are investigating the lim inf-inequality and this will be the content of a
forthcoming paper.
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2. Notation and preliminaries
2.1. Notation. In what follows N ∈ N with N ≥ 1. For any r > 0 and x ∈ Rd the notation
BNr (x) stands for the open ball in R
N centered at x with radius r, while SN−1 = ∂BN1 (0). If
A ⊆ RN we also denote by Hk(A) the Hausdorff measure of A of dimension k ∈ {0, 1, . . . , N}
(H0 is the counting measure). If Ah, A are measurable subsets of R
N then Ah → A in
L1(RN ) (or L1loc(R
N )) means that χAh → χA in L
1(RN ) (respectively L1loc(R
N )). Finally, for
any A ⊆ RN we let Ac = RN \A.
2.2. Finite perimeter sets. We recall some notion on finite perimeter sets in euclidean
space; for details we refer to [1]. Let Ω be a subset of RN . A set E ⊆ RN is said to be a set
of finite perimeter in Ω if
sup
{∫
E
divX(x) dx : X ∈ C1c (Ω;R
N ), ‖X‖∞ ≤ 1
}
< +∞.
Finite perimeter sets have nice boundary in a measure theoretical sense. Precisely, one can
define a subset of E as the set of points x where there exists a unit vector νE(x) such that:
x− E
r
→ {y ∈ RN : y · νE(x) ≥ 0}, in L
1
loc(R
N ) as r → 0, (2.1)
and which is referred to as the outer normal to E at x. The set where νE(x) exists is called
the reduced boundary of E and is denoted by ∂∗E. The reduced boundary of E plays the role
of the topological boundary in the sense of the integration by parts. Indeed, one can show
that if E is a set of finite perimeter in Ω then the following Gauss-Green formula holds true:∫
E
divX(x) dx =
∫
∂∗E
X(x) · νE(x) dH
N−1(x), ∀X ∈ C1c (Ω;R
N ). (2.2)
3. Setting of the problem and main result
Let G : RN → [0,+∞) be of class C∞ such that
suppG = BN1 (0), G(−x) = G(x),
∫
RN
G(x) dx = 1, ∇G(x) · x ≤ 0.
For any ε > 0 and for any x ∈ Rd let
Gε(x) =
1
εN
G
(x
ε
)
.
We denote by PN the set of all compact sets of finite perimeter in R
N . We consider a function
f : [0,+∞) → [0,+∞) of class C1 such that f(0) = 0, and, for any ε > 0, we introduce the
functional Fε : PN → [0,+∞) defined by
Fε(E) =
1
ε
∫
Ec
f(Gε ∗ χE) dx.
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In order to state our main results we introduce the function θ : SN−1 → [0,+∞) given by
θ(ν) =
∫ 1
0
f
(∫
Hν+tν
G(z) dz
)
dt
where Hν = {x ∈ R
N : x · ν ≥ 0}. Let F : PN → [0,+∞) be the functional given by
F (E) =
∫
∂∗E
θ(νE(x)) dH
N−1(x).
The main result is a pointwise limit computation.
Theorem 3.1. Let E ∈ PN . Then
lim
ε→0
Fε(E) = F (E).
4. Proof of Theorem 3.1
We divide the proof in some steps. We point out the main idea of the proof comes from
the technique used in [3].
Step 1. We claim that for any E ∈ PN we have
Fε(E) =
1
ε
∫
∂∗E
∫ ε
0
X(η, x) · νE(x) dη dH
N−1(x). (4.1)
where for any η > 0 and for any x ∈ ∂∗E
X(η, x) =
1
ηN
∫
Ec
f ′(Gη ∗ χE(y))G
(
y − x
η
)
y − x
η
dy.
For any η > 0 and any y ∈ RN we have, using the Gauss-Green formula (2.2),
d
dη
f(Gη ∗ χE(y))
= −f ′(Gη ∗ χE(y))
1
ηN+1
∫
RN
(
NG
(
y − x
η
)
+∇G
(
y − x
η
)
·
y − x
η
)
χ
E(x) dx
= f ′(Gη ∗ χE(y))
1
ηN
∫
RN
divx
(
G
(
y − x
η
)
y − x
η
)
χ
E(x) dx
= f ′(Gη ∗ χE(y))
1
ηN
∫
∂∗E
G
(
y − x
η
)
y − x
η
· νE(x) dH
N−1(x).
Now notice that since Gε ∗ χE → χE in L
1(RN ) as ε→ 0 we can say that for any y ∈ RN
f(Gε ∗ χE(y))− f(χE(y)) =
∫ ε
0
d
dη
f(Gη ∗ χE(y)) dη
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from which we get, using the fact that f(0) = 0,
Fε(E) =
1
ε
∫
Ec
f(Gε ∗ χE(y)) − f(χE(y)) dy
=
1
ε
∫
Ec
∫ ε
0
d
dη
f(Gη ∗ χE(y)) dη dy
=
1
ε
∫
∂∗E
∫ ε
0
1
ηN
∫
Ec
f ′(Gη ∗ χE(y))G
(
y − x
η
)
y − x
η
dy dη · νE(x) dH
N−1(x)
=
1
ε
∫
∂∗E
∫ ε
0
X(η, x) · νE(x) dη dH
N−1(x)
hence (4.1).
Step 2. We claim that for any x ∈ ∂∗E we have
lim
ε→0
X(ε, x) =
∫
HνE (x)
f ′
(∫
HνE (x)
+z
G(v) dv
)
G(z)z dz. (4.2)
First of all we have
X(ε, x) =
1
εN
∫
Ec
f ′(Gε ∗ χE(y))G
(
y − x
ε
)
y − x
ε
dy
=
1
εN
∫
Ec
f ′
(
1
εN
∫
E
G
(
y − w
ε
)
dw
)
G
(
y − x
ε
)
y − x
ε
dy
Performing first the change of variable y = x+ εz and then w = x+ εz − εv we obtain
X(ε, x) =
∫
Ec−x
ε
f ′
(
1
εN
∫
E
G
(
x+ εz − w
ε
)
dw
)
G(z)z dz
=
∫
Ec−x
ε
f ′
(∫
x−E
ε
+z
G(v) dv
)
G(z)z dz.
Passing to the limit as ε→ 0 using (2.1) and applying the Dominated convergence Theorem
we get (4.2).
Step 3. We claim that for any x ∈ ∂∗E it holds
∫
HνE(x)
f ′
(∫
HνE(x)
+z
G(v) dv
)
G(z)z dz · νE(x) = θ(νE(x)). (4.3)
First of all observe that any z ∈ HνE(x) can be written in a unique way as z = z¯+ tνE(x) with
z¯ · νE(x) = 0 and t ∈ [0,+∞). In particular, z · νE(x) = (z¯ + tνE(x)) · νE(x) = t. Moreover,
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since G is supported on B1(0)N , we can restrict to t ∈ [0, 1] obtaining∫
HνE (x)
f ′
(∫
HνE (x)
+z
G(v) dv
)
G(z)z dz · νE(x)
=
∫
HνE(x)
f ′
(∫
HνE(x)
+z
G(v) dv
)
G(z)z · νE(x) dz
=
∫ 1
0
∫
{z¯·νE(x)=0}
f ′
(∫
HνE(x)
+z¯+tνE(x)
G(v) dv
)
G(z¯ + tνE(x)) t dt dz¯.
Notice now that HνE(x) + z¯ = HνE(x) because z¯ · νE(x) = 0. Then∫ 1
0
∫
{z¯·νE(x)=0}
f ′
(∫
HνE (x)
+z¯+tνE(x)
G(v) dv
)
G(z¯ + tνE(x)) t dt dz¯
=
∫ 1
0
f ′
(∫
HνE(x)
+tνE(x)
G(v) dv
)∫
{z¯·νE(x)=0}
G(z¯ + tνE(x)) t dz¯ dt
=
∫ 1
0
f ′
(∫
HνE(x)
+tνE(x)
G(v) dv
)∫
{z·νE(x)=t}
G(z) dHN−1(z) t dt.
Finally, we remark that
d
dt
∫
HνE (x)
+tνE(x)
G(v) dv
= lim
h→0
1
h
(∫
HνE (x)
+(t+h)νE(x)
G(v) dv −
∫
HνE(x)
+tνE(x)
G(v) dv
)
= − lim
h→0
1
h
∫
{t≤v·νE(x)≤t+h}
G(v) dv
= −
∫
{v·νE(x)=t}
G(v) dv.
Integrating by parts we finally get∫ 1
0
f ′
(∫
HνE (x)
+tνE(x)
G(v) dv
)∫
{z·νE(x)=t}
G(z) dHN−1(z) t dt
= −
∫ 1
0
d
dt
f
(∫
HνE(x)
+tνE(x)
G(v) dv
)
t dt
= −f
(∫
HνE(x)
+tνE(x)
G(v) dv
)
t
∣∣∣∣
1
0
+
∫ 1
0
f
(∫
HνE(x)
+tνE(x)
G(v) dv
)
dt
= θ(νE(x))
which concludes the proof of (4.3).
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Step 4. We easily conclude. Using (4.1), (4.2), (4.3), De l’Hoˆpital rule and the Dominated
convergence Theorem we deduce that
lim
ε→0
Fε(E) = lim
ε→0
1
ε
∫
∂∗E
∫ ε
0
X(η, x) · νE(x) dη dH
N−1(x)
=
∫
∂∗E
lim
ε→0
X(η, x) · νE(x) dη dH
N−1(x)
=
∫
∂∗E
θ(νE(x)) dH
N−1(x)
and this ends the proof of Theorem 3.1. 
Remark 4.1. We remark that for sufficiently smooth sets the computation of the pointwise
limit is easier. Precisely, what we need in order to use an easier argument is the Lipschitz
continuity of νE. This is the case of uniformly C
1,1-regular sets: we say that E is a uniformly
C1,1-regular set if there exist L, δ > 0 such that for every x ∈ ∂E the set ∂E ∩BNδ (x) is the
graph of a function f such that ‖∇f‖∞ ≤ L. For such a sets the following geometric property
holds true (for details see [4, Section I.2]): there exists r > 0 such that the map
Ψr : ∂E × [0, r]→ {y ∈ E
c : d(y, ∂E) ≤ r}, Ψr(x) = x+ tνE(x)
is a C1,1-diffeomorphism. Thus, performing change of variable x = y − εz we have
Fε(E) =
1
ε
∫
{y∈Ec:d(y,∂E)≤ε}
f
(
1
εN
∫
E
G
(
y − x
ε
)
dx
)
dy
=
1
ε
∫
{y∈Ec:d(y,∂E)≤ε}
f
(∫
y−E
ε
G(z)dz
)
dy
=
1
ε
∫
Ψε(∂E×[0,ε])
f
(∫
y−E
ε
G(z)dz
)
dy.
For any (x, t) ∈ ∂E × [0, ε] let Jε(x, t) = |detDΨε(x)|. Then, using also t = εs,
Fε(E) =
1
ε
∫
∂E
∫ ε
0
f
(∫
x−E
ε
+ t
ε
νE(x)
G(z)dz
)
Jε(x, t) dH
N−1(x) dt
=
∫
∂E
∫ 1
0
f
(∫
x−E
ε
+sνE(x)
G(z)dz
)
Jε(x, εs) dH
N−1(x) ds.
Since the regularity of E we have
lim
ε→0
Jε(x, εs) = 1
from which, applying again (2.1),
lim
ε→0
Fε(E) =
∫
∂E
∫ 1
0
f
(∫
HνE(x)
+tνE(x)
G(z) dz
)
dt dHN−1(x).
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5. Some examples
In this section we characterize the limit functional F in some interesting cases.
5.1. The one-dimensional case. When N = 1 compact finite perimeter sets are finite
disjoint union of closed and bounded intervals. For simplicity, assume E = [a, b] for some
a, b ∈ R with a < b. Then ∂∗E = ∂E = {a, b} and νE(a) = −1 while νE(b) = +1. Then we
obtain, since G is even,
θ(−1) =
∫ 1
0
f
(∫ −t
−1
G(s) ds
)
dt =
∫ 1
0
f
(∫ 1
t
G(r) dr
)
dt.
On the other hand, we have
θ(+1) =
∫ 1
0
f
(∫ 1
t
G(s) ds
)
dt = θ(a) = c0.
We can conclude that the limit in the one-dimensional case is isotropic, and it is given by
F (E) = c0H
0(∂E).
Remark 5.1. We remark that in the one-dimensional case the computation of the limit is
easier. Indeed, for ε > 0 small enough we have
Fε(E) =
1
ε
∫ a
a−ε
f
(
1
ε
∫ x+ε
a
G
(
x− t
ε
)
dt
)
dx+
1
ε
∫ b+ε
b
f
(
1
ε
∫ b
x−ε
G
(
x− t
ε
)
dt
)
dx.
Concerning the first integral, using the change of variables t = x − εs and x − a = εy we
obtain
1
ε
∫ a
a−ε
f
(
1
ε
∫ x+ε
a
G
(
x− t
ε
)
dt
)
dx =
1
ε
∫ a
a−ε
f
(∫ 1
x−a
ε
G(s) ds
)
dx
=
∫ 0
−1
f
(∫ 1
y
G(s) ds
)
dy
=
∫ 1
0
f
(∫ 1
t
G(s) ds
)
dt = c0.
In the same way we can treat the other integral.
5.2. G radially symmetric. In dimension 1 every even kernel G is radially symmetric.
Assume now N > 1 and G(z) = g(|z|) for some g : [0,+∞) → R. Take ν ∈ SN−1 and t ≥ 0.
Notice that the quantity ∫
Hν+tν
G(z) dz
does not depend on ν. Take now E ∈ PN and x ∈ ∂
∗E. We have∫ 1
0
f
(∫
HνE (x)
+tνE(x)
G(z) dz
)
dt = c
where c is a constant that depends only on N, f and G. Then
F (E) = cHN−1(∂∗E).
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5.3. The case f(t) = t. When f is the identity function for any E ∈ PN and for any x ∈ ∂
∗E
we have
θ(νE(x)) =
∫ 1
0
∫
HνE (x)
+tνE(x)
G(z) dz dt
=
∫ 1
0
∫
{z¯·νE(x)=0}
∫ 1
t
G(z¯ + sνE(x)) ds dz¯ dt
=
∫ 1
0
∫
{z¯·νE(x)=0}
∫ s
0
G(z¯ + sνE(x)) dt dz¯ ds
=
∫ 1
0
∫
{z¯·νE(x)=0}
sG(z¯ + sνE(x)) dz¯ ds
=
∫
HνE(x)
G(z)z · νE(x) dz
=
1
2
∫
RN
G(z)|z · νE(x)| dz
where the last equality follows since G is even. Then the limit F is given by
F (E) =
1
2
∫
∂∗E
∫
RN
G(z)|z · νE(x)| dz dH
N−1(x).
Remark 5.2. If N > 1 and G is radially symmetric we have, if g : [0,+∞)→ R is such that
G(z) = g(|z|),
1
2
∫
RN
G(z)|z · νE(x)| dz =
1
2
∫
RN
g(|z|)|z · νE(x)| dz
=
1
2
∫ +∞
0
∫
SN−1
g(r)r|ξ · νE(x)| dr dH
N−1(ξ)
= |BN−11 (0)|
∫ +∞
0
g(r)r dr
=
|BN−11 (0)|
HN−1(SN−1)
∫
RN
G(z)|z| dz
since it is well known that for any ν ∈ SN−1 it holds
1
2
∫
SN−1
|ξ · ν| dHN−1(ξ) = |BN−1(0)|.
We thus deduce that
F (E) = cN,GH
N−1(E), cN,G =
|BN−11 (0)|
HN−1(SN−1)
∫
RN
G(z)|z| dz.
This is in accordance to [2].
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